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Abstract  

A modified Binomial distribution is obtained from a generalized Binomial distribution for a 

special case 𝛼 < 0. In view of the approximation of simple  Binomial  distribution  by Poisson 

distribution   and the modified    Binomial  distribution  approximation of this  study  by Poisson 

distribution  ,it  is found to be  more accurate than the simple Binomial approximation by 

Poisson distribution provided  that  𝐴 + 𝐵  is  large. 

Keywords: A generalized Binomial,Poisson  distribution, and binomial distribution 

approximation   
 

1.0   Introduction 

A generalized Binomial distribution used in the study was presented by Dwass 1979 [3] . It is 

a discrete distribution that covers Binomial, hyper geometric and Polya distribution.  This 

distribution  depends on four parameters 𝐴, 𝐵, 𝑛 and 𝛼  where 𝐴 and 𝐵  are positive, 𝑛,  is a 

positive integer,𝛼 is an arbitrary real number satisfying (𝑛 − 1)𝛼 ≤ 𝐴 + 𝐵 and 𝐴(𝑖) and 𝐵(𝑖) 

are not negative for  𝑖 = ,0,1 … . 𝑛. where 𝑥(𝑖) − 𝑥(𝑥 − 𝛼) … (𝑥 − (𝑖 − 1)𝛼). The generalized 

Binomial random variable is defined by  

𝑃(𝑘) =
𝐴(𝑘)𝐵(𝑛−𝑘)

(𝐴+𝐵)𝑛 𝑘, = 0,1 … . 𝑛      1.0  

With mean and variance  𝜇 =
𝑛𝐴

𝐴+𝐵
  and  𝜎2 =  

𝑛𝐴𝐵(𝐴+𝐵−𝑛𝛼)

(𝐴+𝐵)2(𝐴+𝐵−𝛼)
respectively . 

Dwass [3] gave out three special cases of the  distribution  (1.0)  for  𝛼 as  

i. If 𝛼 = 0 (1.0) reduced to the Binomial distribution with parameters, 𝐴 ,𝐵 and 𝑛 where  

𝐴 , 𝐵 and 𝑛 where 𝐴𝐵 and 𝑛  are positive integers. 

 

𝑃(𝑘) =  (𝑛
𝑘

) (
𝐴

𝐴+𝐵
)

𝑥

(
𝐴

𝐴+𝐵
)

𝑛−𝑥

𝑘 = 0,1 … 𝑛    1.2 

 

ii.  If 𝛼 > 0 (1.0) reduced to hypergeometric distribution with parameters 𝐴 𝛼⁄ ,𝐵 𝛼⁄  and 𝑛  

where 𝐴 𝛼⁄  , 𝐵 𝛼⁄  and 𝑛 are integers  

 

𝑃(𝑘) =
(

𝐴
𝛼⁄

𝑘
)(

𝐵
𝛼⁄

𝑛−𝑘
)

(
𝐴

𝛼⁄ +𝐵
𝛼⁄

𝑛 )
, 𝑘 = 0,1 … 𝑚𝑖𝑛 {𝑛,

𝐴

𝛼
}   1.3 

iii. If 𝛼 < 0, (1.0) reduced to  Polya distribution  with parameters 𝐴, 𝐵, 𝑛  and 𝛼 
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𝑃(𝑘) =  
(

−𝐴
𝛼

+𝑘−1

𝑘
)(

−𝐵
𝛼

+𝑛−𝑘−1

𝑛−𝑘
)

(
−𝐴
𝑎

−
−𝐵
𝑎

+𝑛−1

𝑛
)

𝑘 = 0,1 … 𝑛     1.4  

It is known that the three special cases can  be approximated by Poisson distribution under a 

certain conditions on their parameters. Thus, if the conditions on the parameters of a 

generalized Binomial distribution are satisfied, then the generalized Binomial can be used to 

obtain a modified Binomial distribution.  

Poisson limit theorem states that if 𝑛 → ∞, 𝑝 → 0 and 𝜇 = 𝑛𝑝 remains constant, then Binomial 

distribution converges to Poisson distribution. This means that the Binomial distribution can 

approximate Poisson distribution for   𝜇 = 𝑛𝑝  and with parameters  𝑛 and 𝑝. 

 This paper focus on modifying the existing approximation of Binomial distribution by Poisson 

distribution, by giving a modified Binomial distribution from generalized   Binomial 

distribution. The result of this work is used to approximate Poisson distribution for   𝜇 = 𝑛
𝐴

𝐴+𝐵
 

with parameters𝑛 and 
𝐴

𝐴+𝐵
 in comparison with the existing approximation. The level of 

accuracy of the result is measured in the form  |�̂�
𝑛,

𝐴

𝐴+𝐵

(𝑘) − 𝑃𝜆(𝑘)| for   𝑘 = 0,1 … 𝑛, where 

𝑃𝜆(𝑘) =
𝑒−𝑘𝜆𝑘

𝑘!
 , �̂�

𝑛,
𝐴

𝐴+𝐵

is the modified distribution . 

Samson et al  [1][4]used generalized Binomial function (1.0)   to generate a model for 

evaluating option price in comparison with Binomial model and a Negative hypergeometric 

distribution respectively 

Similar content of the study can be found in [5][6] 
2.0     Method 

The distribution of the generalized Binomial random variable is defined as of the form (1.0)  

with mean and variance  𝜇 =
𝑛𝐴

𝐴+𝐵
  and  𝜎2 =  

𝑛𝐴𝐵(𝐴+𝐵−𝑛𝛼)

(𝐴+𝐵)2(𝐴+𝐵−𝛼)
 respectively . 

Let 𝑋 be the generalized Binomial random variable .Then following [8], with probability 

distribution defined as  

𝑃(𝑘) =
𝐴(𝑘)𝐵(𝑛−𝑘)

(𝐴+𝐵)𝑛
 𝑘, = 0,1 … . 𝑛     2.0 

=  (𝑛
𝑥

)
[𝐴(𝐴−𝛼)…..(𝐴−(𝑘−1)𝛼)][𝐵(𝐵−𝛼)…(𝐵−(𝑛−𝑘−1)𝛼)]

(𝐴+𝐵)((𝐴+𝐵−𝛼)….(𝐴+𝐵−(𝑛−1)𝛼)
  2.1  

Following the method in [2] the following lemma holds  

2.1  Lemma:For 𝑘, (𝐴 + 𝐵)  ∈ Ν ∪ {0}and 0 <
𝐴

𝐴+𝐵
< 1 then the following holds  

i. ∏ (
𝐴

𝐴+𝐵
+

𝑖

𝐴+𝐵
)𝑘−1

𝑖=0   = (
𝐴

𝐴+𝐵
)

𝑘

[1 +
𝑘(𝑘−1)

2𝐴
] + 𝑂

1

(𝐴+𝐵)2
  2.2 

 

ii. ∏ (
𝐵

𝐴+𝐵
+

𝑖

𝐴+𝐵
)𝑛−𝑘−1

𝑖=0 =   (
𝐵

𝐴+𝐵
)

𝑛−𝑘

[1 +
𝑛−𝑘(𝑛−𝑘−1)

2𝐵
] + 𝑂

1

(𝐴+𝐵)2 2.3 

 

iii. ∏ (1 +
𝑖

𝐴+𝐵
)𝑛−1

𝑖=0 =           [1 +
𝑛(𝑛−1)

2(𝐴+𝐵)
] +  𝑂

1

(𝐴+𝐵)2
   2.4 

3.0 Result 

Theorem  3.0: For 𝑘 ∈ 𝑁 ∪ {0} ,𝜇 =
𝑛𝐴

𝐴+𝐵
   and  ∀𝛼 ∈ {−1, 0} then  𝑃(𝑘) = �̂�

𝑛,
𝐴

𝐴+𝐵

+ 𝑂
1

(𝐴+𝐵)2
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Where𝑃(𝑘) =
𝐴(𝑘)𝐵(𝑛−𝑘)

(𝐴+𝐵)𝑛 and �̂�
𝑛,

𝐴

𝐴+𝐵

=
(𝑛

𝑥)
[𝐴−(𝑘−1)𝛼…..𝐴][𝐵−(𝑛−𝑘−1)𝛼….𝐵]

[𝐴+𝐵−(𝑛−1)𝛼….𝐴+𝐵]

1+
𝑛(𝑛−1)

2(𝐴+𝐵)

{1 +
𝑘(𝑘−1)

2𝐴
+

(𝑛−𝑘)(𝑛−𝑘−1)

2𝐵
} 

Proof  

𝑃(𝑘) =
𝐴(𝑘)𝐵(𝑛−𝑘)

(𝐴+𝐵)𝑛 𝑘, = 0,1 … . 𝑛    3.0 

=  (𝑛
𝑘

)
[𝐴−(𝑘−1)𝛼…..𝐴][𝐵−(𝑛−𝑘−1)𝛼….𝐵]

[𝐴+𝐵−(𝑛−1)𝛼….𝐴+𝐵]
    3.1  

= (𝑛
𝑘

)
𝐴+𝐵[

𝐴

𝐴+𝐵
−

(𝑘−1)𝛼

𝐴+𝐵
…..

𝐴

𝐴+𝐵
]𝐴+𝐵[

𝐵

𝐴+𝐵
−

(𝑛−𝑘−1)𝛼

𝐴+𝐵
…

𝐵

𝐴+𝐵
]

𝐴+𝐵[1−
(𝑛−1)𝛼

𝐴+𝐵
…1]

 

= (
𝑛

𝑘
)

(𝐴 + 𝐵)𝑘(𝐴 + 𝐵)𝑛−𝑘 [
𝐴

𝐴+𝐵
−

(𝑘−1)𝛼

𝐴+𝐵
… . .

𝐴

𝐴+𝐵
] [

𝐵

𝐴+𝐵
−

(𝑛−𝑘−1)𝛼

𝐴+𝐵
…

𝐵

𝐴+𝐵
]

(𝐴 + 𝐵)𝑛 [1 −
(𝑛−1)𝛼

𝐴+𝐵
… 1]

 

For 𝛼 < 0 and by Lemma 2.1  

We obtained  

=  (
𝑛

𝑘
)

∏ (
𝐴

𝐴+𝐵
+

𝑖

𝐴+𝐵
) ∏ (

𝐵

𝐴+𝐵
+

𝑖

𝐴+𝐵
)𝑛−𝑘−1

𝑖=0
𝑘−1
𝑖=0

∏ (1 +
𝑖

𝐴+𝐵
)𝑛−1

𝑖=0

 

= (
𝑛

𝑘
)

(
𝐴

𝐴+𝐵
)

𝑘

[1 +
𝑘(𝑘−1)

2𝐴
+ 𝑂

1

(𝐴+𝐵)2] (
𝐵

𝐴+𝐵
)

𝑛−𝑘

[1 +
(𝑛−𝑘)(𝑛−𝑘−1)

2𝐵
] + 𝑂

1

(𝐴+𝐵)2

[1 +
𝑛(𝑛−1)

2(𝐴+𝐵)
+ 𝑂

1

(𝐴+𝐵)2]
 

=  

𝐴(𝑘)𝐵(𝑛−𝑘)

(𝐴+𝐵)(𝑛)

1 +
𝑛(𝑛−1)

2(𝐴+𝐵)

{1 +
𝑘(𝑘 − 1)

2𝐴
+

(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)

2𝐵
} + 𝑂

1

(𝐴 + 𝐵)2
 

=
𝑃(𝑘)

1 +
𝑘(𝑘−1)

2(𝐴+𝐵)

{1 +
𝑘(𝑘 − 1)

2𝐴
+

(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)

2𝐵
} + 𝑂

1

(𝐴 + 𝐵)2
 

=
(𝑛

𝑥
)

[𝐴−(𝑘−1)𝛼…..𝐴][𝐵−(𝑛−𝑘−1)𝛼….𝐵]

[𝐴+𝐵−(𝑛−1)𝛼….𝐴+𝐵]

1 +
𝑛(𝑛−1)

2(𝐴+𝐵)

{1 +
𝑘(𝑘 − 1)

2𝐴
+

(𝑛 − 𝑘)(𝑛 − 𝑘 − 1)

2𝐵
}    + 𝑂

1

(𝐴 + 𝐵)2
 

=    �̂�
𝑛,

𝐴

𝐴+𝐵

+ 𝑂
1

(𝐴 + 𝐵)2
∎ 

If(𝐴 + 𝐵)is large, then𝑂
1

(𝐴+𝐵)2 ≈ 0 

 

4.0 Numerical Results 

The following examples are used to illustrate how accurate the modified Binomial distribution 

approximates Poisson distribution.  

Example 4.1 : Suppose 𝐴 + 𝐵 = 100, 𝐴 = 10, 𝑛 = 10  
𝐴

𝐴+𝐵
=  0.1 and  𝜆 = 1.0 

𝑘 𝑃𝜆(𝑘) �̂�
𝑛,

𝐴

𝐴+𝐵
 𝐵

𝑛,
𝐴

𝐴+𝐵
 

||�̂�
𝑛,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

||𝐵
𝑛,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

0 0.36787944 0.36070183 0.34867844 0.00717761 0.01920100 
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1 0.36787944 0.37406116 0.38742049 0.00618172 0.01954105 

2 0.18393972 0.18851495 0.19371024 0.00457523 0.00977052 

3 0.06131324 0.06069423 0.05739563 0.00061901 0.00973569 

4 0.01532831 0.01359756 0.01116026 0.00173075 0.00416805 

5 0.00306566 0.00216649 0.00148803 0.00089917 0.00157763 

6 0.00051094 0.00024389 0.00013778 0.00026705 0.00086686 

7 0.00007299 0.00001891 0.00000875 0.00005408 0.00006424 

8 0.00000912 0.00000095 0.00000036 0.00000817 0.00000876 

9 0.00000101 0.00000003 0.00000001 0.00000098 0.00000100 

10 0.00000010 0.00000000 0.00000000 0.00000010 0.00000010 

 

           Example 4.2: Suppose 𝐴 + 𝐵 = 100𝑛 = 20, 𝐴 = 20 
𝐴

𝐴+𝐵
= 0.2 and  𝜆 = 4 

𝑘 𝑃𝜆(𝑘) �̂�
𝑛,

𝐴

𝐴+𝐵
 

 

 

𝐵
𝑛,

𝐴

𝐴+𝐵
 

||�̂�
𝑛,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

||𝐵
𝑛,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

 

0 0.01831564 0.01739321 0.01152922 0.00092243 0.00678642 

1 0.07326256 0.06236705 0.05764608 0.01089551 0.01561648 

2 0.14652511 0.13986005 0.13690942 0.00666506 0.00961569 

3 0.19536681 0.20182338 0.20536414 0.00645657 0.00999733 

4 0.19536681 0.21806753 0.21819940 0.02270072 0.02283259 

5 0.15629345 0.16929234 0.17455952 0.01299889 0.01826607 

6 0.10419563 0.10387457 0.10909970 0.00032106 0.00490407 

7 0.05954036 0.05486335 0.05454985 0.00467701 0.00499050 

8 0.02977018 0.02394396 0.02216087 0.00582622 0.00760931 

 

Example 4.3:Suppose 𝐴 + 𝐵 = 500, 𝑛 = 30,   𝐴 = 30   
𝐴

𝐴+𝐵
= 0.06  𝜆 = 1.8 0 

𝑘 𝑃𝜆(𝑘) �̂�
𝑛,

𝐴

𝐴+𝐵
 𝐵

𝑛,
𝐴

𝐴+𝐵
 

||�̂�
𝑛,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

||𝐵
𝑛1,

𝐴

𝐴+𝐵

(𝑥)

− 𝑃𝜆(𝑘)|| 

0 0.16529889 0.16258931 0.15625561 0.00270953 0.00904328 

1 0.29753800 0.29786527 0.29921286 0.00032727 0.00167486 

2 0.26778420 0.27037944 0.27693105 0.00259524 0.00914685 

3 0.16067052 0.16218740 0.16498020 0.00151688 0.00430968 

4 0.07230173 0.07219686 0.07108190 0.00010487 0.00121983 

5 0.02602862 0.02534336 0.02359314 0.00068526 0.00243548 

6 0.00780859 0.00726973 0.00627477 0.00053886 0.00153382 

7 0.00200792 0.00174236 0.00137320 0.00526181 0.0063472 

8 0.00045178 0.00035405 0.00025200 0.00009773 0.00019978 

9 0.00009036 0.00006161 0.00003932 0.00002875 0.00005104 

10 0.00001626 0.00000925 0.00000527 0.00000701 0.00001099 
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From the examples 4.1-4.3 , it is seen that the modified Binomial distribution approximate 

Poisson more sufficient enough more than the simple Binomial distribution  

5.0  Conclusion 

The result of this study is a modified Binomial distribution with parameters 𝑛, 𝐴 + 𝐵 and  
𝐴

𝐴+𝐵
 

using a generalizedBinomial distribution. In view of the result, it is observed that if
𝐴

𝐴+𝐵
 is small 

or 𝐴 + 𝐵 is large, the result gives a good approximation, so to say that the modified Binomial 

distribution can be used to approximate Poisson distribution provided 𝐴 + 𝐵 is large and 
𝐴

𝐴+𝐵
  

is small. 
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